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Claudio Ternullo
32 Naming God’s Essence:
Ineffability, Analogy and Set Theory

Abstract: The attribution of the same properties to God and the created beings is,
in many respects, problematic for (Judeo-)Christian theology. As early as the fifth
century AD, Pseudo-Dionysius maintained that no positive characterization of the
divine essence was possible. However, later, in the thirteenth century, a more arti-
culated (and optimistic) conception of the analogy between God and the created
beings came to the fore, mainly thanks to Aquinas’ work. In this paper, I will focus
on two fundamental research strands in contemporary set theory (reflection
principles and the set-theoretic multiverse) which provide us with conceptual
tools able to express and understand these two different conceptions of analogy. I
will, finally, make the case that, if Aquinas’ conception is to be preferred, then the
‘multiversist’ option is more suitable.

32.1 Introduction

Christian theology (like Jewish theology beforehand), had to deal very soon with
the issue of attributing to God properties which could also be attributed to God’s
created beings. A distinguished doctrine originating in the context of Neo-platonic
philosophy, and appropriately modified to suit Christian dogma, denied that God
could be attributed the same properties as those of His creatures (for that matter,
any property). However, God could be characterized by what He was not, that is,
by the properties that could, certainly, not be attributed to Him.

The history and development of this doctrine, called ‘negative way’ or ‘nega-
tive (apophatic) theology’ spans several centuries of Christianity, and, arguably,
has its earliest, fundamental manifestation in Dionysius the Areopagite’s complex
of works, globally known as Corpus Areopagiticum. The Dionysian Corpus’ impact,
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and enduring effects, on the subsequent Christian theology, philosophy, and mys-
ticism can hardly be overestimated.!

However, a different doctrine, essentially due to St. Thomas Aquinas, gradu-
ally emerged and made its way to Christian thought in the thirteenth century. This
is known as ‘doctrine of analogy.” According to this doctrine, properties attributed
to God and His creatures are predicated neither univocally nor equivocally, but
analogically, which means that God’s properties are, in part, synonymous with,
and in part, non-synonymous with, those predicated about created beings. Being
able to spell out the exact level of synonymity of two analogous properties is one
of the fundamental theoretical issues concerning the doctrine of analogy, since, by
its own nature, analogy entails both some degree of identity and some degree of
difference between analogous terms.

The doctrine of analogy is both metaphysical and logical. In fact, its roots lie
more in logical and linguistic disputes than in metaphysical concerns. However,
earlier speculations about analogy, for instance in the very context of the Areopa-
gite’s theology, are significantly more metaphysical in character.

Overall, at the theological level, the two ways we have mentioned would seem
to lead to opposite outcomes: the first one would imply that our thought and lan-
guage are not able to faithfully describe God’s essence, whereas the second one
would commit itself to the view that God’s essence can be characterized positively,
but the full picture, as we shall see, is a lot more articulated.

The purpose of this paper is to bring the methods of contemporary set theory
to bear on the interpretation of, and mutual comparison between, these two con-
ceptions. The paper’s methodology will consist, that is, in using concepts of set
theory to deal with those of theology. It seems rather natural to conjecture that
there exist conceptual similarities between set-theoretic and theological discourse,
similarities also reflected by the underlying logic, but a more striking conse-
quence of this kind of investigation could also be that set theory may provide the-
ological modes of reasoning with more transparent conceptual tools. However,
the broader issue of why, and in what sense, set theory and theology may be able
to shed light on each other’s subject matters and methods clearly lies beyond the
scope of this paper.

1 An English translation of the Corpus Areopagiticum in its entirety can be found in Pseudo-Dio-
nysius (1987). A concise overview of the history of the Areopagite’s influence on Christian thought
may be found in the same volume’s introductory essays.

2 Thoughtful considerations on this issue may be found in the vast and stimulating Heller and
Woodin (2011) (cf,, in particular, Achtner, 2011).
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32.2 The Problem

32.2.1 Absolute Transcendence: Negative Theology

Negative theology holds that a characterization of God’s essence transcends the
resources of human language and thought. This view may be found in the work of
both Jewish and Christian thinkers. A forceful manifestation of it is in the work of
the character known, in the Middle Ages, as Dionysius the Areopagite, allegedly, a
member of the Athenian Areopagus converted by the apostle Paul in the first cen-
tury AD, in fact, as proved by his language and doctrines, a posterior Christian
Neo-platonic, most probably active in the early decades of the fifth century AD,
whose conceptions are strongly indebted to Proclus’ thought.?

The work of Pseudo-Dionysius, as is also commonly known, that is, the Corpus
Areopagiticum, represented the main source of negative theology during early
Christianity, but also exerted much influence on later Christian theologians.

For my purposes, I shall fundamentally focus on three main features of the
conception expounded by Pseudo-Dionysius, as can be found in two of his works,
De divinis nominibus and the Theologia mystica. The first one is:

Ineffability. God’s essence (properties) cannot be named, that is, they lie out-
side the realm of what is expressible with human language.

Ineffability has its roots in the Neo-platonic speculations on the nature of the One.
By the Proclian (and beforehand, Plotinian) conception of the One, attempting to
‘name,” describe (the properties of) the One is vain, as one is not really able to
refer to the ‘real’ One in one’s linguistic utterances. What is, then, left to do, with
respect to the One, is to contemplate it as a ‘nothing(ness),’” the only intellectually
accessible characterization of the First Principle.

It is fundamental to note that Ineffability may come in different degrees (and
forms): one could say that the One (for the sake of our discourse, God) is, globally,
ineffable, that His essence is ineffable, that His properties, are ineffable, or, pos-
sibly, all of these things. Now, when one utters a sentence referring to the ‘One’ or
to a ‘property of the One,” presumably one is, indeed, referring to something else,
if language, as most Medieval philosophers and theologians thought, always
refers. How should we construe, then, the reference of such linguistic expressions?

One option considered by (Christian) theologians is to think of such sentences
as referring to entities which are lesser than God himself. In other terms, in order

3 For a careful examination of the Areopagite’s Neoplatonism and its potential derivation from
Proclus’ doctrines, cf. Klitenic Wear and Dillon (2007) and Moran (2014).
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to prevent theological discourse from being vacuous, it is surmised that, for any
property P predicated about God, there is some entity x, lesser than God, which
has that property, so it is x, ultimately, the actual referent of those sentences.

This conceptual strategy, was, indeed, mentioned by the Areopagite, and
afterwards, albeit unsystematically, also by other theologians.* I will call this doc-
trine:

Reflection. Properties predicated about God are, in fact, predicated about
God’s created beings.

The third, and last, feature of negative theology I shall be concerned with may be
explained as follows. In his De divinis nominibus, the Areopagite hints at a dif-
ferent way in which a more positive characterization of God is, in principle, pos-
sible, although, as explained in the Theologia mystica, such a characterization is,
by its own nature, always insufficient and, to some extent, even deceptive. But it is
something, nonetheless. The Areopagite acknowledges that there must be some
degree of (imperfect) analogy between say ‘goodness,” as (1) referred to God and
(2) as referred to created beings. Now, his contention is that (1) should be more
carefully and adequately referred to as ‘super-goodness.’ In general, for any prop-
erty P referring to the created beings, if P may also be referred to God, then P
should be taken to correspond to a ‘super-P.” This leads us to identify the last fun-
damental doctrine of negative theology:

Super-Essentiality. Properties attributed to God, which also happen to be attri-
buted to created beings, are, in fact, ‘super’-properties.

As we shall see (Section 32.4.2), Super-Essentiality plays a crucial role for the pur-
pose of ‘naming’ God’s essence through logical (set-theoretic) means.

32.2.2 Aquinas’ Conception of Analogy

Using a logico-linguistic classification partly introduced by Aristotle, scholastic
logicians referred to ‘synonymity’ or ‘non-synonymity’ of two terms as univocity
(when the terms under consideration meant the same concept) or equivocity
(when they didn’t).’

4 See Section 32.4.1.
5 For a concise overview of the problem, see Pinborg (1972). For Aristotle’s conception, see
Bochenski (1961) and McInerny (1996, ch. 2).
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Now, the problem arose for them of whether predication about God and His
creatures was univocal or equivocal. Simply put, the question was: when I say
that “God is X” and also that “Socrates is X,” am I attributing one and the same
property, ‘X-ness,” both to God and Socrates? Now, if predication about God and
His creatures is taken to be univocal, then God and Socrates share the same
X-ness; if, on the contrary, it is equivocal, two different kinds of X-ness must exist,
God’s and Socrates’. Both cases are problematic: the former, insofar as God’s
essence is radically different from that of His creatures, and the latter, insofar as,
at least to some extent, presumably Socrates’ X-ness shares some features of God’s
X-ness.

Against this background, negative theology may be seen as holding that predi-
cation about God and creatures is uncontroversially equivocal; however, as said
in the previous section, even in the Corpus Areopagiticum, one finds traces of a
different conception, acknowledging some sort of similarity between expressions
referring to God and created beings.

A ‘compromise’ solution, based on what we have already referred to as doc-
trine of analogy, emerged in the thirteenth century, and was, in particular, advo-
cated by Aquinas.® According to this doctrine, God’s X-ness (Xo), is different from,
but analogous to, Socrates’ X-ness (Xs), which means, in logical terms, that the pre-
dicates X and Xs, albeit non-equivalent, should be taken to have some mutual,
specifiable, relationship.

In an intensely discussed passage of his De veritate which introduces the
notion of analogy, Aquinas says that there are two main ways to construe the
notion: (1) as proportion in the most ordinary mathematical sense (e.g., 4 is analo-
gous to 2, insofar as 4 is a multiple of 2), and (2) as proportionality (4 is analogous
to 6, insofar as, for instance, 4:2 = 6:3).” It is worth reproducing the passage in full:

But conformity (convenientia) according to a proportion can be twofold, and so a two-
fold community of analogy is to be taken account of. For there is a conformity between the
things themselves which are proportioned to one another in having a determinate distance
of some other relationship (habitudinem) to one another, e.g. (the number) 2 to unity, 2 being
the double. But we also sometimes take account of conformity between two things which are
not mutually proportioned, but rather there is a likeness between two proportions; e.g. 6 is
conformed to 4 because as 6 is twice 3 so 4 is twice 2. (in Bochenski, 1961, p. 178)

6 For an exhaustive exposition of Aquinas’ conception, cf. McInerny (1971, 1996) as well as the
less recent Klubertanz (1960) and Montagnes (1963).

7 De veritate, 2, 11, reproduced in Bochenski (1961, p. 178). For an exhaustive list of other salient
passages, see again McInerny (1996). For a concise, but exhaustive account of Aquinas’ oscillation
between alternative conceptions of analogy also cf. D’Ettore and Ashworth (2021, pp. 15ff.).
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How should the passage above be interpreted? As pointed out by scholars,

Aquinas does not provide us with further details.® In any case, what can be

gleaned from Aquinas’ relevant textual sources, and what scholars seem to agree

upon is that, in Aquinas’ view, the analogy between God and creatures would, at
least, entail the following facts:

1. God is superior to any created being, so predication about Him is still radi-
cally different from predication about creatures (hence, there is a sense in
which also Aquinas’ conception subscribes to Ineffability);

2. Precisely because of such radical distance between God and His creatures,
simple proportion (1) is not adequate to express the similarity between God
and the created beings, as well as that between the corresponding forms of
predication;

3. As a consequence, Aquinas resorts to a more complex form of proportion,
that he calls proportionality (2), to express the idea of analogy, whereby there
are two levels of reality, God and creatures, and similar relationships between
God and His properties, on the one hand, and creatures and their properties,
on the other, hold;

4. Metaphysically, Aquinas’ conception of analogy also implies some structural
similarity between the essence of God and the essence of the created beings.

Overall, Aquinas’ conception marks a significant departure from negative theo-
logy’s (viz., the Areopagite’s) conception. A quick comparison shows, in particular,
that, while, as said, (1) God’s Ineffability is still held by Aquinas, the analogical
mode of predication he subscribes to allows one to concretely, non-vacuously
refer to God’s properties; (2) Reflection should be construed in terms of ‘participa-
tion’ (a central feature of Aquinas’ metaphysics), of the created beings in God’s
essence; (3) Super-Essentiality does not seem to be required by Aquinas’ concep-
tion of analogy, although, as is clear, by Aquinas’ view, there is still a thick sense
in which God’s properties are ‘super’-properties, as compared to those of the cre-
ated beings.

A distinguished interpretation of Aquinas’ doctrine of analogy, crucial to our
purposes, has been formulated by Jézef Bochenski, and we now proceed to
examine it.

8 Cf. McInerny (1971, p. 1ff.) and D’Ettore and Ashworth (2021, pp. 15-19).
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32.3 The Isomorphism Hypothesis

Let us go back, for a moment, to Aquinas’ passage in De veritate I have cited in the
previous section. Bochenski (1961) comments (and elaborates on) the passage as
follows:’

The ruling idea is then of a relation of similarity between two relations. This relation
between relations is such as to allow inference from what we know about one to something
about the other, though at the same time we have the assertion: ‘we cannot know what God
is’. The apparent contradiction disappears when it is realized that we are dealing with iso-
morphy. For this does in fact allow one to transfer something from one relation to another,
without affording any experience of the relata. (Bochenski, 1961, p. 179; italics are mine)

In the passage above, Bochenski makes it clear that, as said in the previous sec-
tion, positing an analogy between God and the created beings does not contradict
God’s Ineffability. In order to explain how this is concretely possible, Bochenski
takes Aquinas’s text (and conception) to be (informally) delineating an isomor-
phism between God and the created beings, so that any relationship holding
between two aspects of God’s essence is isomorphically reflected by a corres-
ponding relationship holding between two aspects of the creaturely essence. I
shall call Bochenski’s interpretative hypothesis the ‘isomorphism hypothesis.’

A simple, down-to-earth way of looking at the concept of isomorphism used
by Bochenski is through the idea of ‘substitution’: that is, two mathematical struc-
tures are isomorphic if and only if the elements of one may be substituted with
the elements of the other without affecting the structural relations holding among
the elements of each structure. Now, it is precisely an essential aspect of an iso-
morphism, and one on which Bocheniski lays a lot of emphasis, that one does not
need to know what the elements of two isomorphic structures are like, to under-
stand the isomorphism itself, and this is the basis for Bochenski’s claim that, by
his own interpretation of Aquinas’ conception, one may know what relationships
hold in the Godhead without really knowing what God is like.

It is fundamental, for our purposes, to inspect more closely the ‘isomorphism
hypothesis,” that is, to recall some technical features of isomorphisms. This can be
done by using, in particular, model-theoretic concepts and definitions.

Given a language %, and two models U and ¥ of that language, an isomor-
phism between U and ¥ is a 1-1 and onto map f: A - B (where A and B are the
domains of, respectively, 1l and ), such that for any function F and a, ..., a, € A:

fFY @y, ..., @) =F ¥ (f (@), ..., f(an)

9 Cf. Bochenski (1961, p. 179).
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for any (n-place, with n, possibly, greater than 1) property P and aj, ..., a, € A:
PY(ay, ..., ap) iff P (f(ay), ..., f(an))
and for any constant c:
fch=c®

Moreover, an isomorphism between Ul and ¥ also implies the elementary equiva-
lence of Ul and T, that is, the fact that, for any sentence (closed formula) ¢ of Z, ¢ is
true in U if and only if ¢ is true in .

Now, on the grounds of the technical features of isomorphisms reviewed
above, two main difficulties arise in connection with Bochenski’s hypothesis.

One is that, if the analogy between God and the creatures really is to be
interpreted in terms of a mathematical isomorphism, this will imply that ‘God’s
structure’ and the ‘creaturely structure’ will have the same size (set-theoretically,
their domains will have the same cardinality), and this seems to violate our intui-
tion, discussed in the previous sections, that God is superior to the created beings.

A second objection to the hypothesis may be formulated as follows. One fun-
damental feature of isomorphisms is that these postulate that two structures U
and % are not distinguishable by any property expressible in ¢ (as well as by any
sentence of %, since U and ¥, as we have seen, must also be elementarily equiva-
lent). Now, this does not seem to suit the present case where the structures
involved are God and the created beings. After all, there must be properties of God
such that the created beings will not have the corresponding property (e.g., omnip-
otence), whilst, on the other hand, there must be properties of the created beings
such that God will not have the corresponding property (e.g., spatio-temporality),
and the same will apply to sentences expressing that those properties hold.

How could one respond to this second objection? A quick response would con-
sist in asserting that the isomorphism under consideration, say, f, only applies to
properties that one is already sure can be predicated about God and the created
beings, so, in particular, one is not entitled to deducing further properties of God
from the corresponding properties of the created beings, and vice versa, on the
grounds of f. This quick solution, however, seems to be too drastic, insofar as it,
ultimately, makes the postulation of an isomorphism between God and the cre-
ated beings, on the whole, useless.

As far as the first objection is concerned, one possible fix would consist in
positing the existence of a different, although very kindred, kind of mathematical
resemblance between God and the created beings not implying that the ‘God-struc-
ture’ has the same size as the ‘creaturely structure.’

In the next section, in the wake of Bocheniski’s work on the ‘isomorphism
hypothesis,” I shall not only show how one can produce accurate set-theoretic
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representations both of negative theology and Aquinas’ conception, but also how
these provide a refinement of the ‘isomorphism hypothesis,” by responding to the
aforementioned objections.

32.4 Enter Set Theory

The set-theoretic principles (and methodologies) I will introduce and discuss in
this section are, on the one hand, the reflection principles (Sections 32.4.2 and 4.3),
and, on the other, a specific conception of the set-theoretic multiverse, the V-logic
multiverse (Section 32.4.4). But before (Section 32.4.1), I will review some prelimi-
nary material concerning the rise of the idea of reflection in set theory (and more
general connections between set theory and theology).

32.4.1 The Very Idea of Reflection

Fundamental theoretical connections between set theory and theology were
drawn by Georg Cantor who, on the one hand, (1) identified his own Absolute
Infinite with the divine infinite and, on the other, (2) suggested that the Absolute
Infinite was, to some extent, unknowable and outside the scope of mathematical
knowledge.!

Already Cantor (1883) explains that, alongside the Transfinitum (transfinite),
that is, the infinite ordinals and cardinals, there exists one further manifestation
of the actual infinite, the Absolute Infinite (or just the Absolute). Cantor explicitly
says that the latter may be taken to be the ‘infinity of God’, as such, an infinity
beyond human comprehension.!! He, very evocatively, expresses this fact by
appealing to Albrecht von Haller’s words:

10 Fundamental details on the origin, development and theological connections of the Cantorian
conception of the Absolute may be found in Hallett (1984), Jané (1995, 2010), Tapp (2012), and van
der Veen and Horsten (2013).

11 Cantor (1883) in Ewald (1996, p. 891ff.). Among other things, Cantor says: “the true infinite, or
the Absolute, permits no determination whatsoever” (Ewald, 1996, p. 891).
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I attain to the enormous number, but you, O eternity, lie always ahead of me."? (Cantor, 1883,
in Ewald, 1996, p. 896)

In Cantor (1885) and in several letters Cantor exchanged with theologians (some of
which were subsequently collected in Cantor (1887)), the Absolute Infinite is,
again, taken by Cantor to be unknowable, beyond mathematical characterization.

However, in subsequent work, Cantor formulated a more articulated doctrine
of the Absolute. As is known, he distinguished between transfinite (consistent) and
absolutely infinite (inconsistent) multiplicities, the latter, now, being, to some
extent, mathematically describable.”® He took the distinction to be the basis for his
‘limitation of size doctrine,” whereby sets are identified with all those collections
which are not bijectable with absolutely infinite collections (in contemporary lan-
guage, proper classes).

Building upon Cantor’s conception of the Absolute, Kurt Godel drew even
more explicit connections between theological and set-theoretic ideas. In parti-
cular, according to Wang (1996)’s account, Godel came to think that the axioms of
set theory should be reduced to the Reflection Principle (stated below), in turn
motivated by the following principle (equivalent to Ineffability):

(Refl). The Absolute is unknowable.

In order to see how (Refl) may motivate the Reflection Principle, we have to intro-
duce another fundamental set-theoretic concept, that of the universe of sets
(cumulative hierarchy) V, a proper class structure which contains all sets.!* V is
absolutely infinite, so it really is an embodiment of the Absolute. But if V is like
the Absolute, then (Refl) implies that also V is unknowable. Now, by using ideas
related to Reflection expounded in Section 32.2.1, one reaches the conclusion that

12 Incidentally, also von Haller’s quote seems to be reminiscent of the Areopagite’s theology and,
in particular, of Reflection. Among other theological passages manifestly referring to Reflection,
one could cite Saint Gregory the Great’s assertion in his Homiliae in Ezechielem: “No matter how
far our mind may have progressed in the contemplation of God, it does not attain to what He is
but only to what is beneath Him” (in Potter, 2004, p. 223), or Odo Rigaldus’ statement: “How can
the finite attain [knowledge of] the Infinite? On this question some said that God will show Him-
self to us in a mediated way, and that he will show Himself to us not in His essence, but in created
beings” (in Horsten, 2016, p. 114).

13 The fundamental reference, here, is Cantor’s 1899 letter to Dedekind, for which see Ewald
(1996, pp. 931-935).

14 V comes in stages indexed by the ordinals, starting with Vp = &, and then taking the power-set
of the previous stage at stages indexed by successor ordinals and the union of all previous stages
at stages indexed by limit ordinals.
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whatever is predicated about V is, in fact, predicated about some set in V, and,
finally, obtain the:

Reflection Principle (RP). Any formula in the language of set theory true in V'is
already true in some set in (some ‘portion’ of) V.1®

Now, Godel is also credited by Hao Wang with maintaining that, through
increasing the degree of ‘unknowability’ of V, one could produce increasingly
stronger reflection principles equivalent, in turn, to further stronger set-theoretic
principles. In the next subsection, we shall see that Godel’s view fits into (and
motivates) a specific strengthening of RP which has extremely powerful mathe-
matical consequences.

Overall, Godel’s foray into theology (and metaphysics) was not disinterested.
In fact, he thought that the iterated use (and strengthening) of RP would result in
producing principles concretely able to reduce set-theoretic incompleteness.
Those principles are large cardinal axioms (Godel calls them “strong axioms of
infinity”), not provable from the standard axioms of set theory ZFC.* Now, Godel’s
program, as expounded in Godel (1947), is precisely the program of producing
new axioms to solve open problems such as the Continuum Problem. Among such
axioms, large cardinal axioms (and thus, the RP’s which motivate them) are seen
by Godel as being especially promising. So, in the end, Godel’s program, insofar as
it is, to a significant extent, based on the idea of the ‘unknowability of V;” and, as a
consequence, on large cardinal axioms, may also be taken to be a bona fide theolo-
gical project.” It is no wonder, then, that two influential large-cardinal theorists
would subsequently refer to their subject as follows:

The adaptation of strong axioms of infinity is thus a theological venture, involving basic

questions of belief concerning what is true about the universe. (Kanamori and Magidor,
1978, p. 104)

15 Technically, it is said that it is true in some rank initial segment Vq of V.

16 For an overview of large cardinals, and their manifold connections to other mathematical
areas, see Kanamori (2009). For an overview of RP’s of different strength and motivation, cf.
Drake (1974) and Koellner (2009).

17 Godel’s theological views were also extensively indebted to Leibniz, as he thought that “[his]
theory was a monadology, with a central monad [namely, God]” (Wang, 1996, p. 290). For this, cf.
van Atten (2009).
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32.4.2 Reinhardt’s Reflection

In Wang (1996), Godel also refers to (Refl) as “Ackermann’s Axiom.” This is
because Ackermann’s axiomatic system (henceforth, A) in Ackermann (1956) con-
tained an axiom (Axiom y), which may, again, be seen as a mathematical expres-
sion of (Refl). Let us see how.

A’s objects are classes, some of which happen to be sets. The Axiom y says
that, if the only objects which satisfy some property expressible in the language of
A (whose parameters are just set-parameters), are sets, then the collection of all
such sets is also a set. A crucial feature of the Axiom y is that it may not contain
the sethood predicate: x is a set.” Ackermann’s reason for introducing such con-
straint was that he assumed that it was not knowable, a priori, what sets there are,
and as a consequence, that sethood could not be characterized by any expressible
set-theoretic property.'®

Later, William Reinhardt used a variant of A, ZA, a class-set theory, to extend
and strengthen RP’s so as to motivate very strong large cardinal axioms.” He pro-
ceeded as follows. Mathematical expressions of RP consider a single formula @ of
the (first- or higher-order) language of set theory (informally, a single ‘property’),
and state, as we have seen, that some set (some ‘portion’ of) V satisfies ®. The
reflection principle that Reinhardt wished to formulate was, on the contrary,
based on the idea of a broader ‘resemblance’ between V and its initial segments
Vy’s, and, in order to implement such an idea, he used elementary embeddings.
Elementary embeddings may be seen as a special kind of isomorphism, in particular:

Definition 1 (Elementary Embedding). Given two structures 1l and %, j is an
elementary embedding from U to @ if and only if j is an isomorphism from 1
to a substructure ¥' C L.

So, an elementary embedding is an isomorphism which is injective, but not sur-
jective.20 Now, Reinhardt’s reflection requires, as anticipated, that not only V, but
also its properties, as befits Godel’s elaboration on Ineffability we have reviewed
in the previous subsection, are reflected downwards.

In order to attain this goal, Reinhardt defines an elementary embedding j
from an initial segment V, of V, to another one, Vg, and also from an initial seg-

18 Cf. Ackermann (1956, pp. 336-337). It should be noted that Ackermann did not, in the least,
attempt to motivate his axiom through appealing to any theological principle.

19 For an overview of Reinhardt’s seminal contributions to the development of the large-cardinal
program, see Kanamori (2009, ch. 23).

20 It should be noted that, in order to have the requisite large-cardinal strength, embeddings
should not be trivial, that is, they should not be the identity.
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ment V. to another one, V., with f>a; members of V, sent by j to members of Vg
are sets, members of V. sent by j to members of Vg, are ‘properties’ (classes). In
Reinhardt (1974a), this reflection principle is formulated, in ZA, as follows:

(Vx, y € (VP S V6V (x, y, P) < B(x, y, jP)], (S4)

where the variables x, y range over sets and jP’s are the image, under j, of prop-
erties P’s which belong to (V) (the V., above) and 6 is any formula of the lan-
guage of ZA.%!

Now, Reinhardt’s motivating strategy for S4 is not exclusively based on
Godel’s (Refl). At the beginning of Reinhardt (1974b), Reinhardt hints at one fur-
ther fundamental reason to support S4, which resembles very much Ackermann’s
motivation for the Axiom vy, that is, the irreducibly potential character of V, which
makes it impossible to know a priori what sets there are.”> But, later, in a
revealing ‘historical remark’ Reinhardt explicitly recalls the issue of analogical
predication in theology, and discusses a purely theological interpretation of $4 in
line, this time, with Godel’s speculations. He says:

Formal devices such as j and the idea of analogical predication are hardly new to the history
of thought. The author recently stumbled on an early use of a j-like device by the writer
known as Pseudo-Dionysius (fifth century (?)); Greek scholars can probably find earlier ante-
cedents. According to the negative way of Proclus followed by Pseudo-Dionysius, created
beings are (for example) wise or unwise (as the case may be), but the Creator is neither; he is
super-wise. According to (S4), of course, ordinals are accessible or not, but Q is j (accessible).
(Reinhardt, 1974a, p. 198)

So, Reinhardt construes P’s in S4 as properties of the created beings, whilst jP’s
may be taken to be properties of God; moreover, for each P, jP, clearly, is the Are-
opagite’s ‘super-property.” Thus, Reinhardt is consciously suggesting that S4 may
be seen as the mathematical expression of negative theology; but, insofar as S4 is
based on elementary embeddings, which are, as we have said, a kind of isomor-
phism, it may also be able to express Aquinas’ conception of analogy, in parti-
cular, it could count as a reformulation of Bochenski’s ‘isomorphism hypothesis.’

It would, then, be natural, to wonder how Reinhardt’s reflection, qua refor-
mulation of Bochenski’s ‘isomorphism hypothesis,” fares with the objections
raised in Section 32.3 against the hypothesis itself.

21 Note that the language of ZA, in addition to the symbols used in ZF, also contains, among other
things, a symbol for V. Moreover, in ZA j is treated as a unary function.

22 Reinhardt (1974b, p. 191). Reinhardt (1974a) even draws a distinction between ‘existing’ and
‘imaginary’ sets.
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As far as the first objection is concerned, it would seem that Reinhardt’s S4
would be well-suited to respond to it, since elementary embeddings seem to be
able to express the idea of a mathematical structure lI’s being less than another
structure B, that is, of II's being isomorphic to a smaller structure ¥’ inside ¥ itself.

As far as the second objection is concerned, elementary embeddings still
imply that Ul and < are elementarily equivalent, so the objection raised against the
‘isomorphism hypothesis’ may also extend to S4.

32.4.3 The Global Reflection Principle and Its Theological
Implications

In recent years, Philip Welch has formulated a different strengthening of RP that
he has called Global Reflection Principle (GRP). Again, as in the case of Reinhardt’s
reflection, the motivating idea, in the case of GRP, is that there is a broad resem-
blance between V and a ‘portion’ of it, much broader than that allowed by RP.

However, globally, the set-theoretic conception underlying GRP is of a fairly
different nature than that behind S4. Reinhardt had introduced, and defended, S4
on the grounds of a potentialist conception of V, whereas Welch now takes V to be
an actual, fully determinate object.”

As a consequence, Welch explains the existence of classes in a different
manner than how these are explained by Ackermann and Reinhardt. To this end,
Horsten and Welch (2016) adopts a mereological interpretation, that is, it takes
classes to be ‘parts’ of V which determinately exist in V; they are given once and
for all, and constitute a separate domain of objects, that the authors denote with «.

Thus, GRP envisages the reflection of, respectively, (elements of) # (the
classes) as well as of elements of V (the sets) to elements of initial segments of V (i.
e., to other sets). Again, in order to attain the proposed degree of reflection, one
uses an elementary embedding. GRP is, then, the statement of the existence of an
elementary embedding:

j: (V, €, D) = (V, E, @) (GRP)

23 Cf. the discussion about this issue in Section 2 of Horsten and Welch (2016, pp. 91-95).
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where D is the collection of all subsets of Vy, and j sends elements of V,.; to proper
classes in

Now, how is such a form of resemblance construed by its author in theological
terms? (Horsten, 2016) provides an extended examination of the issue.”

We have seen that GRP implies the reflection of both sets and classes. Now, as
in Reinhardt’s reflection, the latter are construed by Horsten (2016) as being prop-
erties of God, which are reflected by the created beings (mathematically, the ele-
ments of V., for some large cardinal k). Again, the main theological thrust of
Horsten’s interpretation is negative theology, that is, Ineffability and Reflection.

But just how are such sets construed theologically? Here’s the crux, and the
innovative aspect of, Horsten’s theological interpretation of GRP: the reflecting
sets are taken to be created beings quite different from human beings, namely,
angels. The main theological source of Horsten’s interpretation is, this time, the
Jewish philosopher Philo of Alexandria, in particular the latter’s De somniis,
where Philo affirms that ‘properties of God’ appear to humans through the media-
tion of angels. Horsten explains:

[GRP] is the class-theoretic counterpart of the theological thesis that is defended by Philo of
Alexandria. Just as in the theological context, there are ‘angels’ such that every humanly
describable property of God also applies to them, in the class theoretic context there are
some sets such that every property of the universe also holds when relativised to them.
(Horsten, 2016, p. 114)

Horsten (2016)’s reference to (and use of) angels in this passage will be crucial for
the purpose of checking that GRP may also be taken to express Aquinas’ concep-
tion of analogy via the ‘isomorphism hypothesis.’ In particular, GRP seems to be
better suited than S4 to respond to the objections to the hypothesis.

To begin with, since GRP, like Reinhardt’s $4, is hinged on the use of an ele-
mentary embedding, like Reinhardt’s S4, it seems to express, more aptly than
Bochenski’s hypothesis, the kind of analogical relationship holding between God
and the created beings.

Coming to the second objection, Horsten’s interpretation of GRP as expressing
a resemblance between God and angels provides Horsten with a forceful way to
respond to it. The reason is, angels are taken by the Judeo-Christian theological
tradition as being qualitatively comparable to God; thus, it is not implausible to

24 Note that, formally, the theory in which GRP is more easily formulated is not ZFC, but a class
theory such as NBG, cf. Welch (2019, p. 94). Moreover, it is only when the level of elementarity of j
is first-order ‘maximal’ (2%-elementarity) that the principle above is called Global Reflection Prin-
ciple.

25 Also see Horsten’s contribution in the present volume.
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imagine that, if God makes himself accessible to humans through angels, then
these may be seen as genuinely enjoying God’s properties. So, it would not be
unreasonable to imagine that angels may be indistinguishable from God.

On the other hand, by focusing on angels rather than human beings, GRP, as
is clear, will not be able to explain analogical predication referring to God and
human beings, and being able to make room for this case in one’s account of ana-
logical predication would be extremely desirable.

32.4.4 Analogy in the V-logic Multiverse

In contemporary set theory, the notion of ‘set-theoretic multiverse’ has recently
emerged as a consequence of the independence phenomenon. Multiverse concep-
tions hold that there is no single universe of sets, but rather a multiplicity of uni-
verses, consisting of some (even all) models of some theory of sets T (mostly, ZFC).

Among such conceptions, I will focus on what was once called ‘hyperuniverse
conception,” and now may be called ‘V-logic multiverse conception.”®® The V-logic
multiverse consists of all models of ZFC which can be expressed in V-logic. This is
an infinitary logic in the language %x..,, where x is an inaccessible cardinal,
enriched with x-many constants (one for each set in ).2

Now, the V-logic multiverse will, in particular, comprise ‘outer models’ of V,
that is, models obtained through the technique of forcing,?® and it can be proved
that, for any outer model W of V satisfying some consistent first-order sentence o,
there exists a single sentence of V-logic which expresses that ¢ is true in W. In par-
ticular, the existence of the V-logic theory:

T=ZFC+“WE @

is captured by a single V-logic sentence. The next couple of results are funda-
mental to our purposes:

Theorem 1 (Barwise). T above has a model if and only if V is countable.

26 Cf. Arrigoni and Friedman (2013), Antos et al. (2015), and then Antos et al. (2021).

27 Cf. Antos et al. (2015, p. 2486), and Antos et al. (2021, pp. 129ff.). For a general overview of
infinitary logics, see, for instance, Keisler (1974).

28 Forcing consists in extending a (countable) model M of (a fragment of) the axioms of set
theory, which may be taken to be equivalent to V, by ‘adding’ to M a generic object G, a subset of a
partially ordered set P € M. The resulting model, M [G], may, then, express some additional prop-
erty of V. For a classic overview of forcing, see Kunen (2011).
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Axiom 1 (Multiverse Axiom Schema). For all W, let T = ZFC + “W = ¢,” then T
is consistent in V-logic.

Axiom 1 guarantees that V-logic theories are consistent, that is, that they have
models, and, in combination with Theorem 1, it also states that consistent V-logic
theories are satisfied by countable models. Thus, any set-theoretic sentence o,
holding in an outer model of V, is concretely ‘realized’ in some countable model
M, a member of the V-logic multiverse. Hence, the V-logic multiverse becomes a
fully meaningful construct only in the presence of a countable V.*

Now, the complex mathematics of the V-logic multiverse suggests the fol-
lowing scenario with respect to our theological issue.

The relationship between V and the members of the V-logic multiverse will be
taken to stand for the relationship between God and the created beings. This
strikes an immediate disanalogy with S4 and GRP, since now, the created beings
are, mathematically, very little entities (countable models), whilst God, as ever, is
taken to be absolutely infinite.

It is of fundamental importance to understand how, mathematically, mem-
bers of the V-logic multiverse are ‘obtained from’ V. We first note that V-logic the-
ories such as T are first-order over HYP(V), the least admissible set over V.3° Now,
through an application of the Downwards Lowenheim-Skolem Theorem, one gets
that those theories have countable models elementarily equivalent to V. Precisely
on such grounds, one takes the V-logic multiverse to express, theologically, like S4
and GRP, that properties of God are ‘reflected’ by the created beings (humans),
although no actual Reflection Principle is in play in this case.

On this interpretation, the V-logic multiverse conception may, thus, stand out
as yet another restatement of the ‘isomorphism hypothesis,” since, again, we
would find ourselves with an expression of resemblance between God and the
created beings. How does this conception fare, then, with the objections discussed
in Section 32.3?

The first objection seems to be very aptly dealt with by this conception: we
know that V and countable models have different sizes, and the unfathomable dis-
tance between God and the created beings is very appropriately expressed by the

29 The collection of all countable models of ZFC was originally called hyperuniverse in Arrigoni
and Friedman (2013), and this is the reason why the conception originally came to be known as
‘hyperuniverse conception.’

30 For the concept of least admissible set, see Barwise (1975, pp. 43ff.). HYP(V) does not literally
exist, since, of course, V is not contained by any set; however, there are ways to make sense of
HYP(V), for instance, if V'is taken to be countable, or through coding it with a class (for the latter
approach, see Antos et al. (2021, pp. 137ff)).
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radical distance between the absoluteness of V and the countability of members of
the V-logic multiverse.

As far as the second objection is concerned, again, if one takes the V-logic
multiverse to arise from applying the Downwards Lowenheim-Skolem Theorem,
then the resulting degree of resemblance between God and the created beings
might still be too high. However, the ‘countabilization of V;” which is crucial to the
purpose of yielding models of V-logic theories, suggests an alternative, more arti-
culated, theological interpretation of the relationship between V and countable
models. On this interpretation, it is not God’s properties that are directly reflected
by created beings, rather God’s properties appropriately scaled down to the level
of created beings, that is, the properties of a ‘countable V.

In sum, the V-logic multiverse conception seems to express very well Aquinas’
conception of analogy, that is, both the idea of a radical distance between God and
the created beings, and the proportionality between God’s properties and those of
the created beings. It might also be able to capture aspects of negative theology,
Reflection, for instance, as expressed by the use of the Downwards Lowenheim-
Skolem Theorem to obtain countable models, and, to some extent, also Super-
Essentiality, if one takes properties of ‘real V;” as opposed to ‘countable V; to be
‘super’-properties, although, arguably, S4 and GRP display a more direct connec-
tion with negative theology.

32.5 Summary: Analogy Reconsidered

We have seen that there are two main ways of conceiving of the relationship
between God and the created beings, one based on negative theology, and one on
a more articulated conception of analogy. Notwithstanding their mutual differ-
ences, both conceptions are based on, or are conducive to, the idea that there is a
resemblance between God and His creatures which does not contradict God’s inef-
fability. Moreover, we have seen that such a resemblance can be articulated in
terms of the purely mathematical idea of ‘isomorphism,” although this interpreta-
tive hypothesis is far from being unproblematic.

The first way, negative theology, has, to some extent, inspired the formulation
of abstract principles in set theory which, mathematically, take the form of Reflec-
tion Principles. The second one, the actual ‘way of analogy’, seems to be more
aptly reflected by a multiverse conception such as the V-logic conception for the
reasons that have been pointed out in the previous section: the mathematical con-
structs involved (V and countable models), the kind of relationship proposed by
the conception itself, and the subtle distinction this conception makes between
God’s ‘real properties’ and God’s properties ‘made accessible to humans.’
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A few further concluding remarks are in order. It would be tempting to see
the distinction between the two conceptions, and their emergence at different
times, to reflect the historical development of Medieval theology itself, with the
negative way being more characteristic of pre-Scholastic theology, still heavily
under the influence of late antiquity’s Neo-platonism, and with the positive con-
ception of analogy fully emerging in an era of profound intellectual changes and
transformations like the thirteenth century.

But this picture would hardly be fully accurate. It is known that even thir-
teenth century’s philosophers, such as Aquinas, were, at least, as much influenced
by the mysticism of the Areopagite’s conception as ninth century’s Neo-platonic-
ally imbued theologians like John Scotus.®! As a consequence, it would be more
accurate to say that the two conceptions are closely intertwined manifestations of
a unique, uniform, approach to the problem of the relationship between God and
creatures, an approach founded on analogy.

By this picture, Aquinas’ later conception does not really contradict the
received view that God’s properties are, ultimately, ineffable; it is just slightly
more optimistic than negative theology in that it maintains that our logical and
linguistic means are, at least, able to produce adequate approximations of these
properties.

That the two conceptions, somehow, represent a seamless continuum in the
Medieval theorizations on the relationship between God and His creatures also
seems to be shown by the structural similarities among the different set-theoretic
methodologies I have discussed in the previous sections. In particular, S4, GRP
and the V-logic multiverse conception all commit themselves to the view that the
resemblance between God and His creatures neither makes God equal His
creatures, nor lifts the created beings to the level of God’s essence. GRP offers a
slightly more articulated position, insofar as it posits that God’s properties are
made accessible to humans through a distinct category of created beings, that is,
angels.

Finally, a conspicuous difference among S4, GRP, on the one hand, and the V-
logic multiverse conception, on the other, lies in the latter’s use of countable
models, theologically interpretable as the created beings, a move which, as I have
previously argued, makes the V-logic multiverse conception better suited to
express, mathematically, Aquinas’ conception.

31 For the influence of Pseudo-Dionysius’ thought on Aquinas’ conceptions, and on the structure
of Summa Theologiae, cf. Corrigan and Harrington (2019, pp. 27f.).
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